On division subrings normalized by almost subnormal subgroups in
  division rings by Deo, Trinh Thanh et al.
ar
X
iv
:1
80
1.
01
27
1v
2 
 [m
ath
.R
A]
  1
9 F
eb
 20
19
ON DIVISION SUBRINGS NORMALIZED BY ALMOST
SUBNORMAL SUBGROUPS IN DIVISION RINGS
TRINH THANH DEO, MAI HOANG BIEN, AND BUI XUAN HAI
Abstract. Let D be a division ring with infinite center, K a proper division
subring of D and N an almost subnormal subgroup of the multiplicative group
D
∗ of D. The aim of this paper is to show that if K is N-invariant and N is
non-central, then K is central. Some examples of almost subnormal subgroups
in division rings that are not subnormal are also given.
1. Introduction
Let G be a group. Recall that a subgroup N of G is said to be almost subnormal
in G if there exists a series of subgroups
N = Nr ≤ Nr−1 ≤ . . . ≤ N1 ≤ N0 = G (1)
such that for any 0 ≤ i < r, Ni+1 is normal in Ni or [Ni : Ni+1] is finite. Such a
series is called an almost normal series of N in G (see [6]). We say that N is an
almost r-subnormal subgroup (or N is an almost subnormal subgroup of depth r) if r
is the smallest number among all almost normal series (1) of N in G. By definition,
every subnormal subgroup in a group is almost subnormal. The class of almost
subnormal subgroups of skew linear groups was first mentioned in [18]. Recently, it
was shown that if D is a division ring with infinite center and if n > 1, then every
almost subnormal subgroup of GLn(D) is normal [12, Theorem 3.3]. However,
the case of degree 1, that is, the group D∗, is totally different. The construction
by Hazrat and Wadsworth in [7, Example 8] of non-normal maximal subgroups
of finite index in certain division rings shows that there exist many division rings
whose multiplicative groups contain almost 1-subnormal subgroups which are not
subnormal. In Section 2, we will show that for every positive integer r, there exists a
division ring whose multiplicative group contains an almost r-subnormal subgroup
which is not subnormal.
Let D be a division ring with center F and K a division subring of D. Assume
that N is a non-central subgroup of D∗ such that K is normalized by N , that is,
xKx−1 = K for any x ∈ N . Then, we say that K is N -invariant. The well-known
Cartan-Brauer-Hua Theorem states that if K∗ is normal in D∗, that is, K is D∗-
invariant, then K ⊆ F or K = D [10, p. 211, 13.17]. Herstein, Scott and Stuth
then proved that if N is a subnormal subgroup of D∗, then K ⊆ F or K = D
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(see [8], [14, p. 439] and [16]). This result is sometimes referred to as the Cartan-
Brauer-Hua Theorem for subnormal subgroups in division rings. There is a vast
number of applications on studying subgroups in division rings.
In this note, we will extend these results for the case when N is an almost
subnormal subgroup of D∗ and F is infinite. We will prove that if K is a division
subring of D such that K is N -invariant, then K ⊆ F or K = D.
Our notation in this paper is standard. In particular, the symbol [x, y] is denoted
for xyx−1y−1.
2. Examples of almost subnormal subgroups in division rings that
are not subnormal
In this section, for every positive integer r, we show the existence of a division
ringD containing an almost r-subnormal subgroupsN ofD∗. Our example depends
on Mal’cev-Neumann division rings of free groups over a base division ring, so we
first recall some necessary results on this class of division rings.
Let G be a group. For an element x ∈ G, we construct a sequence of normal
subgroups
G = 〈x〉0 ⊲ 〈x〉1 ⊲ 〈x〉2 ⊲ . . . ⊲ 〈x〉n ⊲ . . .
of G containing x as follows. Let〈x〉0 = G. For n ≥ 1, assume that 〈x〉n−1 is
defined. Then, 〈x〉n is the smallest normal subgroup of 〈x〉n−1 containing x. The
subgroup 〈x〉n is called the n-th normal closure (or the n-subnormal closure) of x
in G. Recall that a subnormal subgroup N of G is called r-subnormal in G if
r = min{r ∈ N | there exists a sequence N = Nr E Nr−1 E . . . E N0 = G}.
It is easy to show that 〈x〉n is the intersection of all s-subnormal subgroups of G
containing x with s ≤ n (see [13]). Before stating results on the subgroup 〈x〉n, we
borrow the following lemma.
Lemma 2.1 (Greenberg). Let G be a free subgroup and H a finitely generated sub-
group of G. If H contains a non-trivial subnormal subgroup of G, then [G : H ] <∞.
Proof. The lemma is implied by [3] or see [9, Theorem 2]. 
Lemma 2.2. Let G be a free group of infinite rank. For a non-identity element
x of G and a natural number n, the n-th normal closure 〈x〉n of x in G is free of
infinite rank.
Proof. By the Nielsen-Schreier Theorem, every subgroup of a free group is free (see
[15, pp. 103-104]), so 〈x〉n is free. By hypothesis, 〈x〉0 = G is of infinite rank.
Inductively, it suffices to show that 〈x〉1 is of infinite rank. Assume that 〈x〉1 is of
finite rank. By Lemma 2.1, [G : 〈x〉1] <∞. Let G′ be the commutator subgroup of
G. Since G is free of infinite rank, the abelian factor group G/G′ is non-torsion and
infinitely generated. Let H = G′.〈x〉1 be the subgroup of G generated by G
′ and
〈x〉1. Since 〈x〉1 is of finite rank, H/G′ is finitely generated. It follows that G/H
is infinitely generated, which contradicts the fact that [G : H ] ≤ [G : 〈x〉1] < ∞.
Thus, 〈x〉1 is of infinite rank. The proof is complete. 
Lemma 2.3. Let G be a free group of infinite rank and x an element of G. There
exists a subgroup H of G satisfying the following conditions:
(1) H is maximal in G.
(2) H contains x.
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(3) H is non-normal in G.
(4) [G : H ] is finite.
Proof. Let G be generated by {xi | i ∈ I}, where I is an infinite set, and assume
that x = xn1i1 x
n2
i2
. . . xntit ∈ G for some i1, . . . , it in I and for some integers n1, . . . , nt.
Denote by S3 the symmetric group on {1, 2, 3}. Since I is infinite, there exist some
indices λ, µ ∈ I\{i1, i2, . . . , it} with λ 6= µ. Let φ : G→ S3 be the group morphism
defined by xλ 7→ (1 2), xµ 7→ (1 2 3) and xi 7→ Id for every i ∈ I\{λ, µ}. The group
N = {Id, (1 2)} is non-normal maximal subgroup of S3 of index 3. We show that
the subgroup H = φ−1(N) of G satisfies the lemma. Observe that φ is onto, H
is non-normal in G and [G : H ] = 3 implying H is maximal in G. Finally, since
φ(x) = φ(xi1 )
n1φ(xi2 )
n2 . . . φ(xit)
nt = Id ∈ N , one has x ∈ H . 
Next, we need to evaluate the depth of almost subnormal subgroups in free
groups. In [13], A. Y. Olshanskii found a lower bound of depth for subnormal
subgroups of G contained in the n-th normal closure of a non-identity element. In
fact, Olshanskii proved the following result.
Lemma 2.4. [13, Corollary 1.3] Let G be a non-cyclic free group and x be a non-
identity element of G. Assume that n is a natural number and H is a non-trivial
subgroup of 〈x〉n. If H is s-subnormal in G, then s ≥ n.
By using this lemma, we will show the following.
Lemma 2.5. Let G be a free group of infinite rank, x be a non-identity element
of G and 〈x〉n be the n-th normal closure of x in G for some positive integer n.
If 〈x〉n contains a non-trivial subgroup H which is almost s-subnormal in G, then
s ≥ n.
Proof. Assume that H is a non-trivial subgroup of 〈x〉n such that H is almost
s-subnormal in G. Let
H = Hs < Hs−1 < . . . < H1 < H0 = G
be an almost normal series of H in G, that is, for every 0 ≤ i < s, Hi+1 is normal
in Hi or [Hi : Hi+1] is finite. We claim that H contains a non-trivial subgroup
N which is t-subnormal in G with t ≤ s. We first observe that in the case when
[Hs−1 : H ] <∞, we denote by Core(H) the core ofH in Hs−1. If Core(H) is trivial,
then since [Hs−1 : Core(H)] < ∞, one has Hs−1 is finite, so is H . Moreover, by
the Nielsen-Schreier Theorem (see [15, pp. 103-104]), H is a free group. It implies
that H is trivial, a contradiction. Hence, Core(Hs) is non-trivial. Therefore, by
replacing H by Core(H) if necessary, without loss of generality, we assume that
H = Hs is normal in Hs−1. We show the claim by induction on s. If s = 1, then
H is normal in G, and the claim holds trivially. Assume that the claim is true for
s − 1, that is, every non-trivial almost (s − 1)-subnormal subgroup of G contains
a non-trivial group which is (t − 1)-subnormal in G with t ≤ s. In particular,
Hs−1 contains a non-trivial subgroup Ns−1 which is (t − 1)-subnormal in G. Put
Ns = Hs ∩Ns−1. It is obvious that Ns is normal in Ns−1. We consider two cases:
Case 1: Hs ⊆ Ns−1 or Ns−1 ⊆ Hs.
It implies obviously that Ns = Hs ∩Ns−1 is non-trivial.
Case 2: Hs\Ns−1 6= ∅ and Ns−1\Hs 6= ∅.
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Let h ∈ Hs\Ns−1 and k ∈ Ns−1\Hs. Then, h, k ∈ Hs−1, so
(hkh−1)k−1 = h(kh−1k−1) ∈ Hs ∩Ns−1 = Ns.
If hkh−1k−1 = 1, then the subgroup 〈h, k〉 of G is abelian. Again by the Nielsen-
Schreier Theorem, 〈h, k〉 is a free group, which implies that 〈h, k〉 ∼= Z. As a
corollary, h = kα for some α ∈ Z or k = hβ for some β ∈ Z. This contradicts the
assumption h ∈ Hs\Ns−1 and k ∈ Ns−1\Hs. Therefore, Ns is non-trivial.
Both cases lead us to the conclusion that Ns is non-trivial. It means that Ns,
being a subgroup of Hs, is t-subnormal in G with t ≤ s. The claim is shown. Now,
since Ns ⊆ Hs ⊆ 〈x〉n, by Lemma 2.4, t ≥ n. Thus, s ≥ t ≥ n. The proof is now
complete. 
Now, we fix some notation. Assume that G is a free group generated by a
countable set of indeterminates {xi | i ∈ N\{0}} with the Magnus order (see [10,
Theorem 6.31] or see [11, Section 5.7] for further details). This order sometimes
is called the dictionary order of free groups since it is induced from the dictionary
order on {xi | i ∈ N\{0}}. By reordering, we assume that x1 < x2 < . . . Observe
that the order is a total order, that is, for every a, b, c ∈ G, the following conditions
hold: (1) a ≤ b or b ≤ a (connex property); (2) if a ≤ b and b ≤ a, then a = b
(antisymmetry); and (3) if a ≤ b and b ≤ c, then a ≤ c (transitivity). Moreover, if
a ≤ b, then ac ≤ bc and ca ≤ cb. Hence, G is a total ordered group with dictionary
order. Recall that a subset S of G is called well-ordered (briefly, WO) if every
non-empty subset of S has the least element. For a non-empty WO set S of G, we
denote by min(S) the least element of S.
Next, let K be a division ring. From the general Mal’cev-Neumann construction
of a Laurent series ring (we refer to [10, (14.21), p. 231] for details), we consider
the Mal’cev-Neumann division ring K((G,Φ)) of G over K with respect to a group
homomorphism Φ : G→ Aut(K), g 7→ Φg.
More specifically, the Mal’cev-Neumann division ring K((G,Φ)) consists of for-
mal (but not necessarily finite) sums of the form α =
∑
g∈G
agg, where ag ∈ K and
supp(α) = {g ∈ G | ag 6= 0} is WO. In K((G,Φ)), addition and multiplication are
defined for α =
∑
g∈G
agg and β =
∑
g∈G
bgg by:
α+ β =
∑
g∈G
(ag + bg)g
and
αβ =
∑
t∈G
(∑
gh=t
agΦg(bh)
)
t.
Now, we present the main result of this section by showing that the multiplicative
group K((G,Φ))∗ contains an almost subnormal subgroup of arbitrary depth r
which is not subnormal.
Theorem 2.6. Let G be a free group generated by a countable set of indeterminates
{xi}i≥1 with dictionary order, K be a division ring and Φ : G→ Aut(K) be a group
morphism. Then, for every positive integer r, the multiplicative group D∗ of the
Mal’cev-Neumann division ring D = K((G,Φ)) contains an almost r-subnormal
subgroup N which is not subnormal in D∗.
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Proof. Let x ∈ G\{1} and consider the sequence of normal subgroups
G = 〈x〉0 ⊲ 〈x〉1 ⊲ . . . ⊲ 〈x〉r−1.
By lemmas 2.2 and 2.3, letH be a maximal subgroup of 〈x〉r−1 which is non-normal,
of finite index in 〈x〉r−1 and contains x. Then, in particular, H is almost subnormal
in G. Now put
d : D∗ → G,α 7→ min(supp(α)).
We claim that
min(supp(α.β)) = min(supp(α)).min(supp(β)) for every α, β ∈ D.
Let α =
∑
g∈G
agg, β =
∑
g∈G
bgg ∈ D. Put
A = supp(α), u = min(A), B = supp(β) and v = min(B).
Then, α =
∑
g∈A
agg and β =
∑
h∈B
bhh, where ag 6= 0 and bh 6= 0 for every g ∈ A
and h ∈ B. Observe that u ≤ g and v ≤ h for every g ∈ A and h ∈ B, so uv ≤ t
for every t ∈ A.B. Since αβ =
∑
t∈G
ctt, where ct =
∑
gh=t,g∈A,h∈B
agΦg(bh), we have
uv ≤ min(supp(αβ)). Moreover, cuv =
∑
gh=uv,g∈A,h∈B
agΦg(bh). One has cuv =
auΦu(bv) 6= 0 because uv ≤ gh for every g ∈ A and h ∈ B. So, uv ∈ supp(αβ).
Therefore, uv = min(supp(αβ)), and the claim is shown. Consequently, d is a group
morphism and obviously d is surjective. Put
N = d−1(H) = {α ∈ D | min(supp(α)) ∈ H}.
We will show that N is an almost r-subnormal subgroups of D∗ and it is not
subnormal in D∗.
First, we show that N is almost r-subnormal in D∗. Put
Ni = d
−1(〈x〉i) = {α ∈ D | min(supp(α)) ∈ 〈x〉i}
for every 0 ≤ i ≤ r− 1. Then, N < Nr−1 ⊳Nr−2 ⊳ . . . ⊳ N0 = D
∗ with [Nr−1 : N ] =
[〈x〉r−1 : H ] < ∞ since d is surjective. Therefore, N is almost subnormal in D∗.
Moreover, if
N = Xℓ < Xℓ−1 < . . . < X1 < X0 = D
∗
is an almost normal series of N in D∗, then
H = d(Xℓ) ≤ d(Xℓ−1) ≤ . . . ≤ d(X1) ≤ d(X0) = G
is also an almost normal series of H in G since d is surjective. According to
Lemma 2.5, ℓ ≥ r, which implies that N is almost r-subnormal in D∗.
Next, we claim that N is not subnormal in D∗. Assume by contrary, N is
subnormal in D∗, and let
N = Nℓ E Nℓ−1 E . . . E N1 E N0 = D
∗
be a normal series of N in D∗. If ℓ < r, then we add Nℓ+1 = Nℓ+2 = · · · = Nr
to the normal series, so without loss of generality, we assume that ℓ ≥ r. Put
Mi = d(Ni) for every 0 ≤ i ≤ ℓ. Then, since d is surjective,
H =Mℓ EMℓ−1 E . . . EM1 EM0 = G.
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By definition, 〈x〉i is contained inMi for every 0 ≤ i ≤ ℓ. Therefore, if Li =Mi∩〈x〉i
for every 1 ≤ i ≤ r, then
H =Mℓ ∩ 〈x〉r EMℓ−1 ∩ 〈x〉r E . . . ⊳ Mr ∩ 〈x〉r = 〈x〉r .
It implies that H is subnormal in 〈x〉r which contradicts the fact that H is max-
imal non-normal in 〈x〉r . Thus, N is non-subnormal in D∗, and the proof is now
complete. 
Using same arguments in the proof of Lemma 2.5, we can show that every non-
trivial almost subnormal subgroup of a free group G of infinite rank contains a
non-trivial subnormal subgroup of G and by repeating arguments in Theorem 2.6,
we may show that if D is the Mal’cev-Neumann division ring K((G,Φ)) of a free
group G of infinite rank and N is a non-central almost subnormal subgroup of D∗,
then N contains a non-central subnormal subgroup of D∗. It is natural to propose
the following question.
Question 2.7. Let D be a division ring and N almost subnormal subgroup of
D∗. If N is non-central, then is it true that N contains a non-central subnormal
subgroup of D∗?
3. N-invariant division subrings
The technique we use in this section is generalized rational identities. Now, let us
recall the definition of generalized rational identities. Let D be a division ring with
center F and X = {x1, . . . , xm} be a set of m (noncommuting) indeterminates. We
denote by F 〈X〉 the free F -algebra on X , by D〈X〉 the free product of D and F 〈X〉
over F , and byD(X) the universal division ring of fractions of D〈X〉. The existence
of D(X) was shown and studied deeply in [1, Chapter 7]. One calls an element
f(X) ∈ D(X) a generalized rational polynomial. If f(X) ∈ D(X), then by [1,
Theorem 7.1.2], f(X) is an entry of the matrix A−1, where A ∈Mn(D〈X〉) for some
positive integer n such that A is invertible inMn(D(X)). Let c = (c1, . . . , cm) ∈ Dm
and αc : D〈X〉 → D be the ring homomorphism defined by α(xi) = ci. For any
n ∈ N, let S(c, n) be the set of all square matrices (fij(X)) of degree n over D〈X〉
such that the matrix (fij(c)) is invertible in Mn(D). Let S(c) =
⋃
n≥1
S(c, n) and
E(c) be the subset of D(X) consisting of all entries of A−1, where A ranges over
S(c). Then, E(c) is a subring of D(X) containing D〈X〉 as a subring. Moreover,
there is a ring homomorphism βc : E(c) → D which extends αc and every element
of E(c) is invertible if and only if the matrix mapped by βc is not zero. Let
f(X) ∈ D(X) and c ∈ Dm. If f(X) ∈ E(c), then we say that f(X) is defined
at c and βc(c) is denoted by f(c). For any f(X) ∈ D(X), the set of all c ∈ Dm
such that f(X) is defined at c is called the domain of f(X) and is denoted by
DomD(f). Let S ⊆ D and f(X) be a non-zero element in D(X). If f(c) = 0 for all
c ∈ Sm ∩ DomD(f), then we say that f = 0 is a generalized rational identity of S
or S satisfies the generalized rational identity f = 0. In this paper, we borrow the
following result.
Lemma 3.1. [4, Theorem 1.1] Let D be a division ring with infinite center. If D∗
contains a non-central almost subnormal subgroup satisfying a generalized rational
identity, then D is centrally finite, that is, D is finite-dimensional over its center.
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In this section, we mainly work with a special class of generalized rational iden-
tities, namely, generalized group identities. An element
w(x1, x2, . . . , xn) = a1x
m1
i1
a2x
m2
i2
. . . atx
mt
it
at+1 ∈ D(X)
is called a generalized group monomial over D∗ if a1, a2, . . . , at+1 ∈ D∗. Addition-
ally, assume that w is non-identity. Let H be a subgroup of D∗. We say that
w = 1 is a generalized group identity of H or H satisfies the generalized group
identity w = 1 if w(c1, c2, . . . , cn) = 1 for every c1, c2, . . . , cn ∈ H . For results on
generalized group identities in division rings, we prefer [2] and [17]. Results on
generalized group identities of almost subnormal subgroups in division rings we use
in this paper are from [12]. In fact, we will use the following result.
Proposition 3.2. [12, Theorem 2.2] Let D be a division ring with infinite center
F and assume that N is an almost subnormal subgroup of D∗. If N satisfies a
generalized group identity over D∗, then N is central, that is, N ⊆ F .
Assume that H is a subgroup of finite index n in a group G. If H is normal in G,
then gn ∈ H for any element g ∈ G. If H is non-normal in G, then by Poincare’s
theorem, it is easy to see that gn! ∈ H for any element g ∈ G.
Let a ∈ D∗. Assume that N is a non-central almost subnormal subgroup of D∗
with an almost normal series
N = Nr ≤ Nr−1 ≤ . . . ≤ N1 ≤ N0 = D
∗.
We construct a series of subgroups Hn of D
∗ depending on N and a as follows:
Put H0 = D
∗. For any integer n > 0, if Nn is normal in Nn−1, then we
put Hn := 〈bab−1 | b ∈ Hn−1〉. Otherwise, [Nn−1 : Nn] = ℓn < ∞, we put
Hn := 〈bℓn! | b ∈ Hn−1〉. Hence, we get the following new sequence of subgroups
H = Hr ≤ Hr−1 ≤ . . . ≤ H1 ≤ H0 = D
∗.
Moreover, we have the following lemma.
Lemma 3.3. Let N1, N2, . . . , Nr, H1, H2, . . . , Hr and a be as above. Then, the
following statements hold:
(1) For every 0 ≤ n < r, Hn E Hn−1 in case Nn E Nn−1, and b
ℓn! ∈ Hn for every
b ∈ Hn−1 in case [Nn : Nn−1] = ℓn <∞.
(2) If a ∈ N , then Hn ≤ Nn for any 0 ≤ n ≤ r.
(3) For any 0 ≤ n ≤ r, if c ∈ D∗ such that ac = ca, then cHnc−1 ≤ Hn.
Proof. (1) It follows immediately from the definition of Hn.
(2) We show this assertion by induction on n. It is trivial that H0 ⊆ N0. Assume
that Hn−1 ≤ Nn−1. We will show Hn ≤ Nn. There are two cases.
Case 1: Nn E Nn−1.
Since a ∈ N ≤ Nn, one has bab−1 ∈ Nn for every b ∈ Nn−1. In particular,
bab−1 ∈ Nn for every b ∈ Hn−1. Hence, Hn := 〈bab−1 | b ∈ Hn−1〉 ≤ Nn.
Case 2. [Nn−1 : Nn] = ℓn <∞.
Then, bℓn! ∈ Nn for every b ∈ Nn−1. In particular, bℓn! ∈ Nn for every b ∈ Hn−1.
Therefore,
Hn := 〈b
ℓn! | b ∈ Hn−1〉 ≤ Nn.
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In both cases, we have Hn ≤ Nn, so (2) holds.
(3) We prove this statement by induction on n. It is trivial that cH0c
−1 = H0.
Assume that 0 < n ≤ r and cHn−1c−1 ≤ Hn−1. We must show cHnc−1 ≤ Hn. If
Nn is normal in Nn−1, then Hn = 〈bab−1 | b ∈ Hn−1〉. Hence,
cHnc
−1 = 〈c(bab−1)c−1 | b ∈ Hn−1〉 = 〈(cbc
−1)a(cbc−1)−1 | b ∈ Hn−1〉 ≤ Hn.
In the case when [Nn−1 : Nn] = ℓn < ∞, then bℓn! ∈ Nn for any b ∈ Nn−1. By
definition, Hn = 〈bℓn! | b ∈ Hn−1〉, so
cHnc
−1 = 〈cbℓn!c−1 | b ∈ Hn−1〉 = 〈(cbc
−1)ℓn! | b ∈ Hn−1〉 ≤ Hn.
The proof is now complete. 
Now, keeping the assumption and the notation for N as above, we build induc-
tively a sequence of non-identity elements wn in D(x, y) depending on N as follows.
Put w0(x, y) = x. For any integer n ≥ 1, put
wn(x, y) :=
{
[wn−1(x, y), y], if Nn is normal in Nn−1 or n > r
(wn−1(x, y))
ℓn!, if [Nn−1 : Nn] = ℓn <∞.
We claim that if a ∈ D∗ and b ∈ N , then wn(a, b) ∈ Nn for any n ≤ r and
wn(a, b) ∈ Nr = N for any n > r. We will first show the claim by induction on 0 ≤
n ≤ r. It is clear that w0(a, b) = a ∈ N0 = D∗. Assume that wn−1(a, b) ∈ Nn−1. If
Nn is normal in Nn−1, then
wn(a, b) = wn−1(a, b)b(wn−1(a, b))
−1b−1 = (wn−1(a, b)b(wn−1(a, b))
−1)b−1 ∈ Nn.
If [Nn−1 : Nn] = ℓn < ∞, then cℓn! ∈ Nn for every c ∈ Nn−1, so wn(a, b) =
(wn−1(a, b))
ℓn! ∈ Nn. Thus, we showed that wn(a, b) ∈ Nn for any n ≤ r. As a
corollary, wn(a, b) ∈ Nr = N for any n > r.
Now, assume that K is a division subring of D such that K is N -invariant and
K 6⊆ F . Suppose that h ∈ (K ∩N)\F and g ∈ N\{−1}, and consider the elements
un(h, g) := wn((1 + g)h(1 + g)
−1, g),
vn(h, g) := wn((1 + g)
−1h(1 + g), g).
Lemma 3.4. For any n ≥ 0, un(h, g) = (1 + g)φn(h, g)(1 + g)−1 and vn(h, g) =
(1 + g)−1φn(h, g)(1 + g), where φn(h, g) is an element of the subgroup 〈h, g〉 of
K∗ ∩N .
Proof. We prove the lemma by induction on n. We have
u0(h, g) = w0((1 + g)h(1 + g)
−1, g) = (1 + g)h(1 + g)−1
and
v0(h, g) = w0((1 + g)
−1h(1 + g), g) = (1 + g)−1h(1 + g).
Hence, φ0(h, g) = h ∈ 〈h, g〉.
Assume that un−1 = wn−1((1+g)h(1+g)
−1, g) = (1+g)φn−1(h, g)(1+g)
−1 and
vn−1 = wn−1((1 + g)
−1h(1 + g), g) = (1 + g)−1φn−1(h, g)(1 + g) where φn−1(h, g)
is an element of the subgroup 〈h, g〉. Now consider un = wn((1 + g)h(1 + g)−1, g)
and vn = wn((1 + g)
−1h(1 + g), g) with two cases:
Case 1: Nn is normal in Nn−1.
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Then,
un(h, g) = wn((1 + g)h(1 + g)
−1, g)
= wn−1((1 + g)h(1 + g)
−1, g)g(wn−1((1 + g)h(1 + g)
−1, g))−1g−1
= (1 + g)φn−1(h, g)(1 + g)
−1g(1 + g)(φn−1(h, g))
−1(1 + g)−1
= (1 + g)φn−1(h, g)g(φn−1(h, g))
−1(1 + g)−1.
It is similar that
vn(h, g) = (1 + g)
−1φn−1(h, g)g(φn−1(h, g))
−1(1 + g).
It implies that φn(h, g) = φn−1(h, g)g(φn−1(h, g))
−1 ∈ 〈h, g〉.
Case 2: [Nn−1 : Nn] = ℓn <∞.
Then,
un(h, g) = wn((1 + g)h(1 + g)
−1, g)ℓn! = (1 + g)(φn−1(h, g))
ℓn!(1 + g)−1.
Similarly, vn(h, g) = (1 + g)
−1(φn−1(h, g))
ℓn!(1 + g). Hence,
φn(h, g) = (φn−1(h, g))
ℓn! ∈ 〈h, g〉.
The proof is now complete. 
Lemma 3.5. Let D be a division ring with infinite center F , and assume that N is
a non-central almost subnormal subgroup of D∗. If K is a non-central N -invariant
division subring of D, then K ∩N is non-abelian. In particular, K ∩N 6⊆ F .
Proof. We will show that K∗ ∩N is not abelian. Assume that K∗ ∩N is abelian,
and take any a ∈ K\F . For any b ∈ N , we claim that wr(a, b) ∈ K∗ ∩ N . As
we have noted above, wr(a, b) ∈ Nr = N . Now, we prove by induction that
wn(a, b) ∈ K∗ on n ≥ 0. In the beginning, we have w0(a, b) = a ∈ K∗. Sup-
pose that wn−1(a, b) ∈ K∗, then consider wn(a, b). If Nn is normal in Nn−1,
then wn(a, b) = [wn−1(a, b), b] = wn−1(a, b)b(wn−1(a, b))
−1b−1. It implies that
wn+1(a, b) ∈ K∗ because b(wn−1(a, b))−1b−1 ∈ K∗ in view of the assumption that
K is N -invariant. If [Nn−1 : Nn] = ℓn <∞, then wn(a, b) = (wn−1(a, b))ℓn! ∈ K∗.
By the inductive assumption, wn(a, b) ∈ K
∗ for any n ≥ 0. In particular, wr(a, b) ∈
K∗∩N , and the claim is proved. Thus, wr(a, b)wr(c, d)(wr(a, b))−1(wr(c, d))−1 = 1
for any a, c ∈ K\F and b, d ∈ N because K∗ ∩ N is abelian. Since a, c 6∈ F ,
wr(a, x)wr(c, y)(wr(a, x))
−1(wr(c, y))
−1 is non-identity in D(x, y). Hence, N satis-
fies the generalized group identity
wr(a, x)wr(c, y)(wr(a, x))
−1(wr(c, y))
−1 = 1.
By Proposition 3.2, N is central, a contradiction. 
The following lemma is a special case of Theorem 3.10 when K is assumed to be
a subfield of D.
Lemma 3.6. Let D be a division ring with infinite center F , and assume that N
is a non-central almost subnormal subgroup of D∗. If K is an N -invariant subfield
of D, then K ⊆ F .
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Proof. Assume that K is a subfield of D which is non-central and N -invariant. Let
a ∈ K\F . Then, for every b ∈ N, one has bab−1 ∈ K, so bab−1aba−1b−1a−1 =
(bab−1)a(bab−1)−1a−1 = 1. Moreover, xax−1axa−1x−1a−1 is non-identity in D(x)
as a 6∈ F . Hence, N satisfies the generalized group identity
xax−1axa−1x−1a−1 = 1.
Now, by Proposition 3.2, N is central and this contradicts the hypothesis. The
proof is now complete. 
The following lemma is essential in the proof of Theorem 3.10.
Lemma 3.7. Let D be a division ring with infinite center F , and assume that N is
a non-central almost subnormal subgroup of D∗. If K is a non-central N -invariant
division subring of D, then CD(a) ⊆ K for any a ∈ (K ∩N)\F .
Proof. Since K 6⊆ F by Lemma 3.5, we have K ∩N 6⊆ F . Assume that there exists
a ∈ (K ∩N)\F such that CD(a) 6⊆ K. Let
N = Nr ≤ Nr−1 ≤ . . . ≤ N1 ≤ N0 = D
∗
be an almost normal series of N in D∗.
Consider the subgroups Hn constructed as in Lemma 3.3 for 0 ≤ n ≤ r, that
is, H0 = D
∗. For any integer n > 0, if Nn is normal in Nn−1, then we put
Hn := 〈bab−1 | b ∈ Hn−1〉. Otherwise, that is, [Nn−1 : Nn] = ℓn < ∞, we
put Hn := 〈bℓn! | b ∈ Hn−1〉. Let g ∈ Hr be arbitrary. Since Hr ≤ Nr = N ,
gag−1 ∈ K∗. We first claim that
CD(a) = CD(gag
−1) = gCD(a)g
−1.
For b ∈ CD(a), put
h := b(gag−1)b−1 = (bgb−1)a(bgb−1)−1.
By Lemma 3.3, bgb−1 ∈ bHrb−1 ≤ Hr ≤ Nr ≤ N . Since K is N -invariant, h ∈ K
and b(gag−1) = hb. Similarly, since b + 1 ∈ CD(a), (b + 1)(gag−1) = h′(b + 1) for
some h′ ∈ K. Hence,
gag−1 = (b+ 1)(gag−1)− b(gag−1) = (h′ − h)b + h′.
Recall that gag−1 ∈ K, so, if h′ 6= h then
b = (h′ − h)−1(gag−1 − h′) ∈ K.
Therefore, if b ∈ CD(a)\K, then h = h′, equivalently,
b(gag−1) = hb = h′b = (gag−1)b.
Hence, b ∈ CD(gag−1) for b ∈ CD(a)\K. As a result, CD(a)\K ⊆ CD(gag−1).
Now, for any b′ ∈ K ∩ CD(a), one has b + b′ ∈ CD(a)\K ⊆ CD(gag−1), so (b +
b′)(gag−1) = (gag−1)(b+ b′), equivalently, b′(gag−1) = (gag−1)b′. Thus,
CD(a) ∩K ⊆ CD(gag
−1).
As a corollary, CD(a) ⊆ CD(gag−1). Replacing a by gag−1 ∈ K ∩N and g by g−1,
we have CD(gag
−1) ⊆ CD(g−1(gag−1)g) = CD(a). Hence, CD(a) = CD(gag−1).
Now, we prove the equality CD(a) = gCD(a)g
−1. For any b ∈ CD(a) = CD(gag−1),
one has
(gbg−1)a = gb(g−1ag)g−1 = g(g−1ag)bg−1 = a(gbg−1),
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so gbg−1 ∈ CD(a). Therefore, the inclusion gCD(a)g−1 ⊆ CD(a) holds for an
arbitrary element g ∈ Hr. So, it follows g−1CD(a)g ⊆ CD(a), and consequently we
have CD(a) = gCD(a)g
−1. The claim is now proved.
Now, we claim that the center Z(CD(a)) of CD(a) is Hr-invariant. For any
g ∈ Hr, c ∈ Z(CD(a)) and d ∈ CD(a), we have (gcg
−1)d = gc(g−1dg)g−1 =
g(g−1dg)cg−1 = d(gcg−1). By applying Lemma 3.6 for the subgroup Hr and sub-
field Z(CD(a)), we have Z(CD(a)) ⊆ F . In particular, a ∈ F , a contradiction.
Thus, the proof is now complete. 
Lemma 3.8. [14, 14.3.6, p. 435] Let K be a division subring of D. If g ∈ D\K
such that gKg−1 ⊆ K, then K ∩ (1 + g)K(1 + g)−1 = CD(g) ∩K.
Corollary 3.9. Let D be a division ring with infinite center F , and assume that
N is a non-central almost subnormal subgroup of D∗. Assume that K is an N -
invariant division subring of D. If there exists g ∈ N\K, then
N ∩K ∩ (1 + g)K(1 + g)−1 ⊆ F.
Proof. Assume that N ∩ K ∩ (1 + g)K(1 + g)−1 ⊆ F for every g ∈ N\K. By
Lemma 3.8, there exists h ∈ (N ∩ K ∩ CD(g))\F . Hence, g ∈ CD(h), but by
Lemma 3.7, CD(h) ⊆ K, so g ∈ K which contradicts the assumption. 
Now, we are ready to prove the main result in this paper.
Theorem 3.10. Let D be a division ring with infinite center F and K be a division
subring of D. Assume that N is a non-central almost subnormal subgroup of D∗.
If K is N -invariant, then K ⊆ F or K = D.
Proof. Assume that N is an almost r-subnormal subgroup in D∗ with an almost
normal series
N = Nr ≤ Nr−1 ≤ . . . ≤ N0 = D
∗.
Observe that if Nr has finite index in Nr−1, then the core
CoreNr−1(Nr) :=
⋂
x∈Nr−1
Nxr
of Nr in Nr−1 is a normal subgroup of finite index in Nr−1.
We claim that CoreNr−1(Nr) is non-central. Indeed, if CoreNr−1(Nr) is central,
then an ∈ CoreNr−1(Nr) for any a ∈ Nr−1, where n = [Nr−1 : CoreNr−1(Nr)].
Hence, anbna−nb−n = 1 for very a, b ∈ Nr−1. Moreover, xnynx−ny−n is non-
identity, so Nr−1 satisfies the identity x
nynx−ny−n = 1. By [12, Theorem 2.2],
Nr−1 is central, so is N = Nr ⊆ F , a contradiction. To prove the theorem, it
suffices to use the fact that K is normalized by the core of Nr in Nr−1. So, without
loss of generality, we can assume that Nr is normal in Nr−1. We shall prove the
theorem firstly for the case when K is centrally finite, that is, when K is a finite
dimensional vector space over its center Z(K), and then for the general case.
Case 1. K is centrally finite.
We shall prove the statement by induction on r. If r = 0, then K∗ is normal in
D∗, and the statement is true by the Carter-Brauer-Hua Theorem. Assume that the
statement holds for any almost subnormal subgroup in D∗ of depth < r. Assuming
K 6⊆ F , we must show K = D. In view of Lemma 3.6, K is not commutative. We
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claim that Z(K) is contained in F . Indeed, for any x ∈ Z(K), g ∈ Nr and h ∈ K,
since gKg−1 = K, there exists h′ ∈ K such that h = gh′g−1. One has
(gxg−1)h = gxg−1gh′g−1 = gxh′g−1 = gh′xg−1 = gh′g−1gxg−1 = h(gxg−1).
Hence, gxg−1 ∈ Z(K) for any x ∈ Z(K) and g ∈ Nr. This means that Z(K) is
Nr-invariant. By Lemma 3.6, Z(K) ⊆ F . The claim is proved. Since K 6⊆ F ,
by Lemma 3.5, there exists an element h ∈ (K ∩ N)\F . Assume that Nr 6⊆ K.
Then, there exists g ∈ Nr\K. Consider the morphism ψ : K → K defined by
ψ(x) = gxg−1 for any x ∈ K. This morphism is a Z(K)-automorphism of K
in view of the inclusion Z(K) ⊆ F . Since K is finite dimensional over Z(K),
by the Skolem-Noether Theorem, there exists a ∈ K∗ such that ψ(x) = axa−1
for any x ∈ K. In particular, ghg−1 = aha−1, equivalently, (a−1g)h = h(a−1g).
Hence, a−1g ∈ CD(h), but in view of Lemma 3.7, CD(h) ⊆ K, so we have g ∈ K, a
contradiction. Thus, Nr ⊆ K. As a corollary, the division subring L of D generated
by Nr is contained in K and L is Nr−1-invariant. By the inductive, L = D, and
consequently, K = D.
Case 2. General case.
As in Case 1, we shall prove the statement by induction on r. If r = 0, then the
statement is true by the Carter-Brauer-Hua Theorem. Assume that the statement
holds for any almost subnormal subgroup of D of depth < r. Assuming K 6⊆ F ,
we must show K = D. We claim that Nr ⊆ K. Assume that Nr 6⊆ K. Then,
take g ∈ Nr\K, and by Lemma 3.5, let h ∈ (K ∩Nr)\F . Consider u = ur(h, g) =
(1 + g)φn(h, g)(1 + g)
−1 ∈ Nr and v = vr(h, g) = (1 + g)−1φn(h, g)(1 + g) ∈ Nr as
in Lemma 3.4. One has
α(h, g) = [φn(h, g), u] = [(1 + g)v(1 + g)
−1, (1 + g)φn(h, g)(1 + g)
−1]
= (1 + g)[v, φn(h, g)](1 + g)
−1 ∈ (1 + g)K(1 + g)−1.
On the other hand α(h, g) = [φn(h, g), u] ∈ [K∩Nr, Nr] ⊆ K∩Nr. Hence, α(h, g) ∈
Nr ∩K ∩ (1 + g)K(1 + g)−1. In view of Corollary 3.9, α(h, g) ∈ F . Observe that
for any g′ ∈ K ∩ Nr, gg
′ ∈ Nr\K, so α(h, gg
′) ∈ F ∩K. Let us fix some element
e ∈ (K ∩Nr)\F , and recall elements wn(a, b) which have been constructed before
Lemma 3.4 for a, b ∈ D∗ and n ≥ 0. We claim that α(h, gwr+1(d, e)) ∈ F ∩K ⊆
Z(K) for any d ∈ D∗. To do this, it suffices to show that wr+1(d, e) ∈ Nr ∩K for
any d ∈ D∗. Recall that e ∈ Nr ∩K, so by a remark before Lemma 3.4, we have
wr(d, e) ∈ Nr for any d ∈ D∗. Moreover, since K is Nr-invariant, we also have
wr+1(d, e) = [wr(d, e), e] = wr(d, e)e(wr(d, e))
−1e−1 ∈ K ∩Nr.
Thus, we have shown that α(h, gwr(p, e)) ∈ F for every c ∈ D∗. Hence,
α(h, gwr(p, e))q − qα(h, gwr(p, e)) = 0
for every p, q ∈ D∗. Since α(h, gwr(x, e))y−yα(h, gwr(x, e)) is non-zero in D(x, y),
D∗ satisfies generalized rational identity α(h, gwr(x, e))y − yα(h, gwr(x, e)) = 0.
Therefore, by Lemma 3.1, D is centrally finite, so in view of [5, Theorem 3], K
is centrally finite. By Case 1, K = D. But this fact contradicts the assumption
that Nr 6⊆ K. Thus, Nr ⊆ K, and the claim is proved. Now, as in Case 1, we
conclude that the division subring L of D generated by Nr is Nr−1-invariant, so
L = D by the inductive, and this implies K = D. The proof of the theorem is now
complete. 
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